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Abstract. Non-Boolean variables are important primitives in logical modeling.
For instance, in Answer Set Programming (ASP), they are used as place holders
for constants and more complex ground terms. This is essential for compact and
uniform encodings used in ASP although variables are removed in a grounding
phase preceding the search for answer sets. On the other hand, in theories in
the Satisfiability Modulo Theories (SMT) framework, variables are realized as
constants that have a free interpretation over a specific domain such as integers or
reals. The goal of this paper is to propose an approach to integrating the languages
employed in ASP and SMT so that non-Boolean variables of the kinds above can
appear in the same program. The resulting formalism ASP(SMT) is rule-based
and extended by theory atoms from SMT dialects. We illustrate the use of the new
language and its advantages from the modeling perspective. Moreover, we show
how existing off-the-shelf ASP and SMT technology can be used to implement
grounding and search for answer sets for this class of programs.

1 Introduction

Non-Boolean variables are important primitives in logicalmodeling and they are ex-
ploited in a number of paradigms such as answer set programming (ASP) [9, 11], tradi-
tional constraint programming (CP) [15], and satisfiability modulo theories (SMT) [14].
In ASP, variables are used as place holders for constants andmore complex ground
terms which formalize the domain of interest. Hence, rules can be written in a more
abstract way which is essential for compact and uniform encodings typically sought in
ASP. A typical ASP system implements answer set computationin two steps: first vari-
ables are removed viagroundingand then the actualsearchfor answer sets is based on
the resulting ground program. In CP, problems are encoded byintroducing a set of vari-
ables over particular (non-Boolean) domains, and by restricting the values of the vari-
ables using constraints available in the language. Such representations can be very com-
pact which becomes apparent when translating constraint satisfaction problems (CSPs)
into pure Boolean representations [7]. Similar effects areexpected if translations into
ASP are of interest. Thus, in order to exploit the succinctness of domain variables in
ASP, an integration of rules and constraints is justifiable [5, 10]. Then one can utilize
rules, which are not directly available in CP, for knowledgerepresentation.

The SMT framework generalizes Boolean satisfiability checking in terms of a back-
ground theory which is selected amongst a number of alternatives. In addition to propo-
sitional atoms, also theory atoms are allowed and they can beused to express various



constraints such as linear constraints, difference constraints, and so on. Such constraints
can involve non-Boolean variables.1 The relation of ASP and SMT has been studied
and it was recently shown [8, 12] that logic programs under answer set semantics can
be translated into a particular SMT fragment, namelydifference logic(DL) [13]. The
transformation is linear but quite sophisticated. Hence, it is not reasonable to expect that
such theories are written by humans in order to express ASP primitives in SMT. Trans-
lations in the other direction, i.e., from SMT to ASP, do not seem feasible because of
the potentially infinite domains of variables involved in theory atoms, and since current
ASP solvers expect a finite ground logic program as their input. Thus, in order to take
the best out of ASP and SMT in modeling, an integrated language is called for.

The goal of this paper is to integrate the languages employedin ASP and SMT so
that non-Boolean variables available in these formalisms can be used together. We aim
at a rule-based language ASP(SMT) which enriches rules in terms of theory atoms from
a particular SMT dialect. To get a preliminary idea of the resulting language combin-
ing rules and theory atoms, consider the following rules which formalize a part of the
famousn-queens problem, i.e., placingn queens in different rows:

queen(1..n).
int(row(X))← queen(X).
← row(X)− row(Y ) = 0, queen(X), queen(Y ), X < Y.

Hererow(X) − row(Y ) = 0 is a theory atom of difference logic involving term vari-
ablesX andY in the sense of ASP. The termrow(X), once grounded, will be treated
as an integer variable on the SMT side. After grounding, there will ben factsqueen(1),
. . . ,queen(n), as well as factsint(row(1)), . . . , int(row(n)) formalizing type informa-
tion, and effectivelyn(n − 1)/2 difference constraints← row(1) − row(2) = 0; . . .;
← row(1)− row(n) = 0; . . . , etc. All this information can be expressed in DL and for
the purposes of this paper, we will mostly concentrate on enhancing ASP with DL.

There are related approaches [1, 5, 10] that integrate constraint solving techniques
in ASP. In these approaches, answer sets are computed using both an ASP solver and a
constraint solver. The former deals with ASP rules whereas the latter handles constraints
only. In particular, the approach of [1] computes an answer set in two steps: At first, a
partial answer set with a set of constraints is computed and then the partial answer set is
completed by solving the constraints. In contrast, our goalis to treat the entire program
in a uniform way, i.e., everything including difference constraints and ASP rules are
translated into a difference logic formula and solved by a respective solver.

The rest of this paper is organized as follows. The main definitions and notions
of ASP and DL are briefly reviewed in the next section. The tight integration of the
ASP and SMT frameworks takes place in Section 3. The syntax and a semantics based
on (extended) answer sets is laid out. The treatment of non-Boolean variables in the
resulting language is of special interest. The modeling aspects are at glance in Section
4. A number of existing problem domains are used to illustrate the positive effects of
theory atoms on traditional ASP encodings. On the other hand, we show how recursive
definitions enabled by rules can be used to enhance representations in pure SMT. The

1 However, variables in SMT are syntactically formalized as constants having a free interpreta-
tion over a specific domain such as integers or reals.



objective of Section 5 is to present our preliminary implementation of ASP(DL) using
off-the-shelf ASP grounders and solvers for difference logic. A translatorLP2DIFF that
transforms groundSMODELS programs into theories of ASP(DL) is a key component
in this implementation and we use delayed macro expansion with M4 to implement the
grounding of theory variables. The resulting toolDINGO has been designed so that it is
easy to extend for SMT dialects supporting difference constraints or equivalent. Then,
in Section 6, we report the results from our preliminary experiments of usingDINGO.
Finally, Section 7 concludes the paper and presents some directions for future research.

2 Preliminaries

In this section, we briefly review the syntax and semantics ofanswer set programs. The
class of normal logic programs is addressed first—followed byits extension in terms of
choice rules, cardinality rules, and weight rules. Moreover, we outline difference logic
which forms the target language for our preliminary implementation.

Normal Logic Programs As usual, a normal logic programP is a finite set of rules

a← b1, . . . , bm, not c1, . . . , not cn. (1)

where eacha, bi, andcj is a propositional atom. Given a ruler of the form (1), we
introduce the following abbreviations. Thehead and thebody of r, are defined by
hd(r) = a and bd(r) = {b1, . . . , bm, not c1, . . . , not cn}. Quite similarly, we let
bd+(r) = {b1, . . . , bm} and bd−(r) = {c1, . . . , cn} to distinguish thepositiveand
thenegativeparts ofbd(r), respectively. The intuition behind a ruler is that the head
hd(r) can be inferred byr if bd(r) is satisfied: all atoms inbd+(r) can be inferred
whereas none frombd−(r). A rule without head is anintegrity constraintenforcing the
body to be false. A rule without body is afact whose head is true unconditionally.

The Herbrand base of a (normal) programP , denotedAt(P ), is the set of atoms
that appear in its rules. We defineinterpretationsfor P as subsets ofAt(P ). An inter-
pretationM satisfies an atoma if a ∈M and a negative literal nota if a 6∈M , denoted
M |= a andM |= not a, respectively. The interpretationM satisfies a set of literalsL,
denotedM |= L, if it satisfies every literal inL andM satisfies a ruler of the form (1)
if M |= hd(r) holds wheneverM |= bd(r) holds. The interpretationM is a model of
P , denotedM |= P , if M satisfies each rule ofP . An answer setof a program is in a
sense “justified” model of the program which is captured by the concept of areduct.

Definition 1. Let P be a normal program andM an interpretation. Thereductof P
with respect toM is PM = {hd(r)← bd+(r) | r ∈ P andbd−(r) ∩M = ∅}.

The reductPM does not contain any negative literals and, hence, has a unique⊆-
minimal model. If this model coincides withM , thenM is an answer set ofP .

Definition 2. LetP be a normal program. An interpretationM ⊆ At(P ) is ananswer
setof P iff M is the minimal model of the reductPM .



Weight Constraint Programs In the context ofSMODELS-compatible systems, certain
extended rule types [16] are available and based on expressions of the following forms:

l{b1, . . . ,bn, not c1, . . . ,not cm}u (2)

l{b1 = wb1 , . . . ,bn = wbn
, not c1 = wc1

, . . . ,not cm = wcm
}u (3)

Here (2) is acardinality atomthat is satisfied if the number of satisfied literals is be-
tween the lower boundl and the upper boundu. A weight atomof the form (3) gen-
eralizes this idea by assigning arbitrary positive weightsto literals (rather than 1s). If
these expressions appear in the head of a rule, they effectively express achoice. It is
possible to generalize answer sets for rules extended by cardinality and weight atoms
but the reader is referred to [16] for details. The class ofweight constraint programs
(WCPs) based on this syntax is supported bySMODELS-compatible systems. If appro-
priate, WCPs can be translated back to normal programs (implemented by a tool called
LP2NORMAL2) or directly into DL. For this reason, we will freely use these extensions.

Difference Logic Difference logic (DL) [13] extends the language of classical propo-
sitional logic in terms ofdifference constraintsof the form3

x− y ≤ k (4)

wherex and y are variables ranging over integers and andk is an integer constant.
The respective language of DL is based onatomic formulas, i.e., either propositional
atoms or difference constraints, and is closed under negation¬ and conjunction∧. Other
Boolean connectives∨,→, and↔ can be defined in the standard way using¬ and∧ as
basis. Given these conventions, e.g., the expression(x−y ≤ 2)↔ (p→ ¬(y−x ≤ 2))
is a well-formed formula in DL. It was established in [13] that the variables in (4) can
also range over rationals or reals and the relational operator can be any of<, >, ≥, =,
and 6=. For the purposes of this paper, however, we focus on integervariables but do not
restrict the relational operator. Moreover, whenk = 0, we sometimes writex op y for
x− y op 0 for the relational operatorsop listed above.

In DL, an interpretation is a pair〈I, τ〉 whereI is a set of propositional atoms
assumed to be true andτ is a valuation function that maps each variablex to an element
in Z, i.e., the set of integers. A propositional atomp is true in〈I, τ〉, denoted〈I, τ〉 |= p,
iff p ∈ I. Difference constraints (4) are covered by setting

〈I, τ〉 |= x− y ≤ k iff τ(x)− τ(y) ≤ k.

The truth value of any DL formulaφ can be evaluated by applying the standard recursive
rules for Boolean connectives. For example, given a function τ such thatτ(x) = τ(y) =
1, we have that〈∅, τ〉 |= ((x− y ≤ 2)↔ (p→ ¬(y − x ≤ 2)).

A DL formula φ is satisfiable, if there is asatisfyinginterpretation〈I, τ〉 such that
〈I, τ〉 |= φ and, in this setting,〈I, τ〉 is called amodelof φ. Since DL has classical

2 http://www.tcs.hut.fi/Software/asptools/
3 The original form of difference constraints isx ≤ y + k as given in [13]. However, we use the

form (4) to emphasize the difference betweenx andy.



propositional logic as its special case, it is straightforward to see that given a DL formula
φ, the problem of deciding the satisfiability ofφ is NP-complete. We refer the reader to
[2, 13] for SMT based techniques for solving the satisfiability problem. Moreover, it is
shown in [8, 12] that normal logic programs can be faithfullyembedded into DL. This
transformation is implemented by another translator, viz.LP2DIFF4. It is also worth
pointing out that more general rule types involving cardinality and weight atoms can be
translated into DL without substantial blow-up using new atoms and integer variables.

3 The Integrated Language

This section presents the language ASP(DL) which enriches ASP rules with DL formu-
las. A logic program with difference constraints, or aprogram, is a set of rules

a← b1, . . . , bm, not c1, . . . , not cn, t1, . . . , tl (5)

wherea, bi, andci are propositional atoms. Eachti, calledtheory atom, is a difference
constraint. For a ruler of the form (5), the set of theory atoms{t1, . . . , tl} is called the
theorypart of the body ofr and denoted bybdt(r). Comparing (5) to (1), the integrated
language extends the pure ASP language in terms of theory atoms used as additional
conditions. For a programP with difference constraints, aninterpretationI is defined
as a pair〈M,T 〉 whereM is a set of propositional atoms andT is a set of theory atoms
such thatT ∪T̄ is satisfiable in DL wherēT is the set of DL formulas¬t for each theory
atomt appearing inP but not inT . For an interpretationI = 〈M,T 〉, we denoteM by
Ip andT by It. An interpretationI satisfies an atom, a literal, or a rule if and only if
the setIp ∪ It satisfies them in the sense of Section 2, respectively. AmodelM of P ,
denotedM |= P , satisfies all rules ofP . Definitions 1 and 2 generalize as follows.

Definition 3. A modelM of a programP is ananswer setof P , if Mp is the minimal
model ofPM = {hd(r)← bd+(r) | r ∈ P, bd−(r) ∩Mp = ∅, andM t |= bdt(r)}.

Example 1.Let P be a program consisting of the five rules given below.

← not s. s← x > z. p← x ≤ y. p← q. q ← p, y ≤ z.

Heres, p, andq are propositional atoms whereas the symbolsx, y, andz appearing in
the theory atoms are treated as constants in the sense of ASP.Consider the interpretation
M1 = ({s}, {x > z}). It is an answer set ofP , since the set{(x > z),¬(x ≤ y),¬(y ≤
z)} is satisfiable in DL,M1 |= P , and the set{s} is the minimal model of the reduct
PM1 = {s ←; p ← q}. On the other hand, the interpretationM2 = ({s, p, q}, {x >
z, x ≤ y, y ≤ z}) is not an answer set, since{(x > z), (x ≤ y), (y ≤ z)} is not
satisfiable. Finally, considerM3 = ({s, p, q}, {x > z, y ≤ z}). It is not an answer set
as{s, p, q} is not the minimal model of the reductPM3 = {s←; p← q; q ← p}. ⊓⊔

It can be verified that the semantics given by Definition 3 coincides with the stable
model semantics proposed in [6] in case no theory atoms appear in a program. In the

4 http://www.tcs.hut.fi/Software/lp2diff/



non-ground case, the idea is to treat ASP variables appearing in rules as usual via Her-
brand instantiation. As illustrated in Example 1, theory atoms typically refer to integer
variables of DL. Such a variable, sayx, can be viewed as a constant in the respective
ASP language. In certain applications, we would like to flexibly use such variables and
index them with ASP variables. This leads to using a term of the formx(V1, . . . , Vm)
wherex is now a function symbol of aritym and eachVi is a regular ASP variable
subject to Herbrand interpretation. Each ground instancex(c1, . . . cm) of this will be a
ground term in the resulting ground program and treated as aninteger variable in DL.
This is an important distinction to which we want to draw the reader’s attention at this
point. By this arrangement, we can use both ASP variables andDL integer variables. A
rule with non-ground variables is treated as a shorthand forits Herbrand instances. E.g.,
in the constraint← occurs(a, S1), occurs(b, S2), t(S2)− t(S1) > 7, the variablesS1

andS2 are replaced by appropriate combinations of ground terms and the respective
instances oft(S1) andt(S2) are treated as integer variables in DL.

4 Problem Modeling in ASP(DL)

In this section, we present a number of examples to illustrate the use and advantages of
ASP(DL) for problem modeling. As we shall see, the language ASP(DL) can result in
much smaller ground programs than pure ASP language. The reason is that ASP(DL)
may avoid grounding the variables that have large domains.

4.1 Scheduling Problem

Scheduling problem is to find a schedule for a number of tasks to guarantee them to be
finished before some time limit. In scheduling problems, thetime range is usually large
compared to the number of tasks. Using ASP(DL) can avoid grounding the variables in
the time domain in the encoding of these problems. Below, we study a typical schedul-
ing problem, the newspaper problem. Note that similar problems are encountered in
many real-life applications, e.g., resource allocation, university timetabling, and com-
plex manufacturing with multiple lines of products.

Example 2.We are given a number of persons and newspapers. Each person spends
different amount of time when reading different newspapers, due to his or her interests.
The goal of is to find a schedule for the persons to read the newspapers such that:

1. each person has enough time to read a newspaper and read it as quickly as possible;
2. no person can read more than one newspaper simultaneously;
3. no newspaper can be read simultaneously by more than one person; and
4. each person finishes all the newspapers before some deadline. ⊓⊔

To model the problem in ASP(DL), we use the predicateread(P,N,D) to repre-
sent that the duration that personP needs to read newspaperN is D and the constant
deadline to denote the total allowed time. We introduce the integer variabless(P,N)



ande(P,N) to denote the time when personP starts to read and finishes reading news-
paperN respectively. Then the above four constraints are expressed as follows:

←e(P,N)− s(P,N) 6= D, read(P,N,D). (6)

←s(P,N1) < s(P,N2), s(P,N2)− s(P,N1) < D1, (7)

read(P,N1,D1), read(P,N2,D2), N1 6= N2.

←s(P1, N) < s(P2, N), s(P2, N)− s(P1, N) < D1, (8)

read(P1, N,D1), read(P2, N,D2), P1 6= P2.

←e(P,N) > deadline, read(P,N,D). (9)

To encode the same constraints in pure ASP, we introduce predicatesstart(P,N, T )
andend(P,N, T ) to denote that personP starts to read and finishes reading newspaper
N at timeT , respectively. Then the main constraints are encoded as

←start(P,N, T1), end(P,N, T2), T1 − T2 6= D. (10)

←T1 < T2, T2 − T1 < D1, start(P,N1, T1), start(P,N2, T2), (11)

read(P,N1,D1), read(P,N2,D2), N1 6= N2.

←T1 < T2, T2 − T1 < D1, start(P1, N, T1), start(P2, N, T2), (12)

read(P1, N,D1), read(P2, N,D2), P1 6= P2.

←end(P,N, T ) > deadline, start(P,N, T ), read(P,N,D). (13)

Let us calculate the number of ground instances of the rules (7) and (11) to demon-
strate the advantage of ASP(DL). The number of ground instances of the rule (7) is
n1 = |P |× |N |2 and that of the rule (11) isn2 = |P |× |N |2×|T |2, where|P | and|N |
are the respective numbers of persons and newspapers and|T | is the maximum allowed
time for the persons to finish reading, i.e., the size of the time domain. The factor|T |2 in
n2 comes from the inequalities in the rule (11). In scheduling problems, the time range
|T | is usually much larger than other domains, thus the encodingin ASP(DL) results to
a much simpler ground program than that in pure ASP language.

4.2 Routing with Time Constraints

Besides scheduling problems, network routing problems involve reasoning with time
domains. The language ASP(DL) is also suitable to model them.

Example 3.In a routing problem, we are given a network consisting of nodes connected
by edges. Each edge is assigned a weight which indicates the minimum delay in trans-
mitting a network packet along the edge from one end to the other. Some nodes are
critical and each of critical nodes is associated a time indicating the deadline that the
node can receive a packet (otherwise, the node rejects to receive and relay the packet).
The goal of the problem is to find routes for packets subject tofollowing constraints:

1. a packet can only be sent from and received by one node at a time;
2. the travel time of a packet over an edge is at least the minimum delay; and
3. a packet has to reach each critical node within its deadline. ⊓⊔



We use the predicatenode(X) to represent thatX is a node;edge(X,Y,W ) to represent
that the delay on the edge(X,Y ) is W ; critical(X,T ) to represent thatX is a critical
node and its associated deadline isT ; route(X,Y ) to represent that edge(X,Y ) is
selected to be in the route and the packet is transmitted fromnodeX to Y in the route;
reach(X) to represent that a packet reaches nodeX. We use the integer variableat(X)
to denote the time when a packet reaches nodeX.

The main constraints in the routing problem can be encoded inASP(DL) as:

{route(X,Y )} ←edge(X,Y,W ). (14)

reach(Y )←reach(X), route(X,Y ). (15)

←2{route(X,Y ) : edge(X,Y,W )}, node(X). (16)

←2{route(X,Y ) : edge(X,Y,W )}, node(Y ). (17)

←route(X,Y ), edge(X,Y,W ), at(Y )− at(X) < W. (18)

missing critical←critical(X,T ), not route(X). (19)

missing critical←critical(X,T ), reach(X), at(X) > T. (20)

←missing critical. (21)

The rule (14) says that any edge could be selected in a route; the rule (15) states that
if one end of an edge is reached by a packet and the edge is selected in the route then
the other end of the edge is also reached by the packet; the rule (16) and (17) enforces
the first constraint; the rule (18) specifies the second constraint and the rules (19), (20),
and (21) together encode the third constraint.

The difference logic formulas in the rules (18) and (20) reduce the size of the ground
programs. For example, an encoding of (18) in pure ASP language could be

←route(X,Y ), edge(X,Y,W ), reach at(X,T1), (22)

reach at(Y, T2), T2 − T1 < W.

where the predicatereach at(X,T ) represents that a packet reach the nodeX at time
T . It can be seen that the number of ground instances of the rule(18) is |E| and that of
the rule (22) is|E| × |T |2, where|E| is the number of edges and|T | is the maximum
allowed time for a packet to travel in the network.

4.3 Trip Planning

In [10], a trip planning problem that involves timing constraints is presented to demon-
strate the advantage of integrating constraint logic programming with ASP. We show
that encoding these timing constraints in ASP(DL) is similarly advantageous.

Example 4.John, who is currently at work, needs to be in his doctor’s office in one
hour carrying the insurance card and money to pay for the visit. The card is at home
and money can be obtained from the nearby ATM. John knows the minimum time
(in minutes) needed to travel between the relevant locations, e.g., twenty minutes are
needed to go from his home to his office. Can he find a plan to makehis trip on time?
The timing constraints relevant for this problem are:



1. time should be a monotonic function of steps5;
2. the whole trip does not take more than an hour; and
3. sufficient amount of time is reserved for trips between anytwo locations. ⊓⊔

Following the notations in [10], we use the predicatenext(S1, S0) to represent that
stepS1 is the next step ofS0 and introduce the integer variablet(S) to denote the time
when stepS happens. We use predicategoal(S) to represent thatS is the goal step, i.e.,
John arrives his doctor’s office in time at stepS. The fluentgo to(P,L) represents that
personP goes to locationL andat loc(P,L) represents that personP is at locationL.
The predicateoccurs(A,S) represents that actionA occurs at stepS andholds(F, S)
represents that fluentF holds at stepS. Then the timing constraints can be encoded by:

←next(S1, S0), t(S1)− t(S0) < 0. (23)

←goal(S), t(S)− t(0) > 60. (24)

←next(S1, S0), occurs(go to(john, home), S0) (25)

holds(at loc(john, office), s0), t(S1)− t(S0) < 20. (26)

The advantage of the above encoding is similar to that discussed in [10], i.e., the
size of the ground program of the encoding is smaller than that of the encoding in pure
ASP by the factor of|T |2 where|T | is the size of the time domain.

4.4 Sorting Problem

Sorting is a frequently used operation in real applications. Thus, we are interested in
the capability of ASP(DL) to model sorting problems.

Example 5.We are given a sequence of distinct numbers. The goal is to sort the num-
bers in increasing order, i.e., the resulting sequence mustsatisfy the constraints:

1. each number has one and only one place in the resulting sequence; and
2. a number is greater than any number before it in the resulting sequence. ⊓⊔

We use the predicatenumber(X) to represent thatX is a number and the integer
variablep(X) to denote the position ofX in the ordered sequence. The two constraints
given above are encoded by the following rules:

←p(X1) = p(X2),X1 6= X2, number(X1), number(X2). (27)

←p(X1), p(X2),X1 > X2, p(X1) < p(X2), number(X1), number(X2). (28)

To encode these constraints in pure ASP, we introduce a predicateposition(Y ) to rep-
resent thatY is a position in the ordered sequence andplace(X,Y ) to represent that the
position ofX is Y in the ordered sequence. Then the following program results:

1{place(X,Y ) : position(Y )}1←number(X). (29)

1{place(X,Y ) : number(X)}1←position(Y ). (30)

←X1 > X2, Y1 < Y2, place(X1, Y1),

place(X2, Y2), number(X1), number(X2). (31)

5 The steps of the planning part of this problem can be found in [10].



The rules (29) and (30) together specify that each number is assigned to one and only
one position. The rule (31) guarantees the increasing orderof the sequence. We can see
that the number of ground instances of the rule (27) (also (28)) is |N |2 and that of the
rule (31) is|N |4 where|N | is the length of the sequence.

5 Implementation

In this section, we present a preliminary implementation ofthe language ASP(DL) us-
ing existing off-the-shelf ASP and SMT tools, and other Unix/Linux tools. For simplic-
ity, we discuss the implementation in the case of differencelogic, but any other SMT
fragment can be similarly dealt with by introducing suitable predicates for the kinds
of theory atoms involved in that particular fragment. The current implementation has
been designed to be flexible in this sense, i.e., it is easy to modify the representation of
theory atoms in order to meet the users’ needs. However, to avoid an implementation
of a complex parser or a entirely new grounder for any such language extensions, we
decided to exploit macros in the treatment of theory atoms. These requirements led us
to implement the following architecture for grounding, macro evaluation, and solving:

(i) We useGRINGO unmodifiedto ground a logic program in its input language
where theory atoms are represented by special predicates with reserved names. For
instance, a ternary predicatedl lt(X,Y,D) could be introduced for DL and<. The
grounder is instructed to treat such asexternally definedpredicates. In addition, some
arguments to such predicates must have their types declaredusing rules. Special do-
main predicates are reserved for this purpose such asint(V ) in case of DL. (ii) We
translate the resulting ground program into a theory of difference logic usingLP2DIFF.
The outcome consists of Clark’s completion of the program enhanced with ranking
constraints—as explained in [8, 12]. Theory atoms can be recognized by their names
based on reserved predicate names. (iii) We extract the relevant type information from
the symbol table of the ground program, i.e., the instances of the predicateint(·) for DL,
and incorporate the respective declarations to the prologue of the DL theory produced
in the previous step. (iv) We separate ground instances of theory atoms from the symbol
table, treat them as macro instances, and expand them into respective expressions of DL
usingM4 which is a standard macro processor available in Unix environments. (v) We
invoke an SMT solver such asZ3 to compute a satisfying assignment (if any) that can
be mapped back to an answer set given symbolic information stored after grounding. In
addition, the values of integer variables are also of interest.

The steps above have been integrated into one shell scriptDINGO4 that accepts a file
in the syntax ofGRINGO as its input and prints an answer set as its output.

Example 6.For the sake of illustration, consider the rule (18) and the occurrence of
the theory atomat(X) − at(Y ) < W in it. This can be expressed using a predicate
dl lt(at(X), at(Y ),W ) in the respective logic program. In addition to this, we insist
on the declaration of SMT theory constants using separate rules:

int(at(X))← edge(X,Y,W ).
int(at(Y ))← edge(X,Y,W ).
← route(X,Y ), edge(X,Y,W ), dl lt(at(Y ), at(Y ),W ).



The first two rules state that termsat(X) associated with nodesX denote integer vari-
ables. This is not necessary for the third argumentsW of theedge predicate under the
assumption thatW will be literally substituted by a concrete integer value such as15.
The third rule is a rewrite of (18) using the predicatedl lt(·, ·, ·).

Let us then justify the correctness of the implementation, for the sake of simplic-
ity, in the case of propositional normal programs. As shown by Janhunen et al. [8],
an interpretationM ⊆ At(P ) is a stable model of a normal programP iff there
is a model〈M, τ〉 |= Comp(P ) ∪ Rank(P ) whereComp(P ) is the standardcom-
pletion of P and Rank(P ) contains the (strong)ranking constraintsof P (see [8]
for details). To address rules of the form (5), we first translate them into rulesa ←
b1, . . . ,bm, d1, . . . ,dl, not c1, . . . ,not cn, accompanied by defining rulesd1 ← t1; . . .;
dl ← tl for the new atomsd1, . . . ,dl. These two forms of rules give rise to the respec-
tive parts for the translation, i.e., thenormal formNForm(P ) of P and thetheory part
TPart(P ) of P . Then〈M,T 〉 is an answer set of a programP iff 〈M ∪D,T 〉 is an
answer set ofNForm(P )∪TPart(P ) whereD = {d | d← t ∈ TPart(P ) andt ∈ T}.

We use a translationComp(NForm(P ))∪Rank(NForm(P ))∪Comp(TPart(P ))
into DL in our implementation. The partComp(TPart(P )) consists of an equivalence
d ↔ t for eachd ← t in TPart(P ). Then, using the definition ofD above,〈M,T 〉
is an answer set ofP ⇐⇒ M ∪ D is an answer set ofNForm(P ) and〈D,T 〉 is an
answer set ofTPart(P ) ⇐⇒ there are models〈M ∪D, τ1〉 |= Comp(NForm(P ))∪
Rank(NForm(P )) and〈D, τ2〉 |= Comp(TPart(P )) ⇐⇒ there is a combined model
〈M ∪D, τ〉 |= Comp(NForm(P )) ∪ Rank(NForm(P )) ∪ Comp(TPart(P )). Thus,
given any model〈M ∪D, τ〉 for the translation, an answer set ofP can be extracted.

6 Preliminary Experiments

We compare the running time and the increasing of the size of ground instances for
ASP(DL) and pure ASP programs. For benchmarks, we selected the newspaper problem
as a representative for problems involving a time domain andthe sorting problem that
does not. We ranDINGO for ASP(DL) encodings andCLINGO (version 2.0.3) [4] for
pure ASP encodings. All experiments were run on Ubuntu 9.10 workstation with two
2GHz CPUs and 4GB RAM. For each problem, we experimented on 10groups of
instances and each group contains 100 randomly generated instances. The results are
shown in Table 1 and Table 2. The first column of Table 1 gives the deadline of each
group, i.e., the time in which all the persons have to finish reading all the newspapers
and the first column of Table 2 gives how many numbers are to be sorted in the instances
of each group. The running times are reported in seconds. We set the cut off time to
300 seconds and running times greater than that are indicated by ’–’ in the tables. The
increasing sizes of ground instances are reported as ratioswith respect to the size of the
smallest instance, for which the ratio is 1.0 by definition.

As it is easy to inspect from Table 1 for the newspaper problem, DINGO is around 2
orders of magnitude faster thanCLINGO for the instances solvable by both of them. In
addition,DINGO can solve the instances unsolvable toCLINGO in a very small amount
of time. We think the reason lies in the sizes of the resultingground instances: the size



Table 1.Newspaper

Deadline
DINGO CLINGO

time size ratio time size ratio
100 0.09 1.0 2.10 1.0
200 0.11 1.1 9.00 3.1
300 0.11 1.3 21.32 6.3
400 0.10 1.4 36.68 15
500 0.12 1.5 61.15 23
600 0.12 1.7 93.51 34
700 0.11 1.8 – 44
800 0.11 1.9 – 60
900 0.12 2.1 – 74
1000 0.13 2.2 – 81

Table 2.Sorting

Numbers
DINGO CLINGO

time size ratio time size ratio
60 0.59 1.0 13.12 1.0
70 0.77 1.3 25.50 2.1
80 1.01 1.8 49.70 2.7
90 1.26 2.3 76.14 4.9
100 1.54 2.8 145.43 7.8
110 1.84 3.4 – 12
120 2.25 4.1 – 17
130 2.71 4.8 – 28
140 3.17 5.6 – 34
150 3.56 6.4 – 38

of the encodings in ASP(DL) increases significantly slower than that in pure ASP, e.g.,
the maximum ratio of ASP(DL) encoding is 2.2 while that of pure ASP encoding is 81.
Similar observations can be found for the sorting problem.

We also tried out 516 benchmark instances from the category of NP-complete prob-
lems that were used in the Second ASP Competition [3]. The idea was to check the
performance ofDINGO for programs not involving difference constraints. It turned out
that a level of performance that is comparable to usingLP2DIFF with Z3 as a back-end
solver [8] can be achieved. However, this presumes the use ofSMODELSfor simplifying
ground programs before DL translation. Further work is required to implement similar
simplification inDINGO becauseSMODELSdoes not natively support external atoms.

7 Conclusion

In this paper, we present an approach to integrate the languages used in ASP and SMT.
At the syntactic level, the idea is to enrich rules with extraconditions which together
form an SMT theory pertaining to a particular SMT fragment. This leads to a straight-
forward generalization of the answer set semantics for programs extended in this way.
The class of normal programs is formally handled in the current paper but a similar ap-
proach carries over to its extensions. Such possibilities are already illustrated in terms
of cardinality constraints and difference constraints on the modeling side. These syntac-
tic elements are also fully supported by our preliminary implementation, viz.DINGO,
that exploits off-the-shelf ASP and SMT components for grounding (GRINGO) and the
search for answer sets (Z3). As regards grounding the theory part, it is realized by first
grounding macros corresponding to theory atoms which are expanded after grounding
to full SMT syntax using a standard macro processor (M4). Following such a delayed
macro expansion strategy, we are able to apply standard ASP methodology in the cre-
ation of SMT theories of interest. As illustrated in the paper, the combined language
ASP(DL) enables more concise ways to encode problems from various domains. Some
of the encodings are clearly more verbose in plain ASP or SMT.Our first experiments
using these encodings also suggest positive effects on solving time.



As regards future work and lines of research, we think that also other SMT dialects
should be taken into consideration. The current implementation is basically easy to ex-
tend for new fragments and back-end SMT solvers. The main effort in this respect is
to identify required SMT primitives, to introduce macros for them, to provide defini-
tions for such macros. If the output ofLP2DIFF4 cannot be exploited as part of the SMT
translation, it may be necessary to modifyLP2DIFF for the SMT dialect in question.6

There is also potential for combining SMT dialects as long asthere is a suitable target
language and a back-end SMT solver available. It is also feasible to develop ASP(SMT)
encodings in a modular way. The intermediate ground programs produced byGRINGO

can be linked together usingLPCAT from the ASPTOOLS2 collection. At least for the
moment, it is essential to do this before macro expansion (and SMT translation) because
we are not aware of any linkers for SMT theories themselves.

References

1. M. Balduccini. Representing constraint satisfaction problems in answer set programming.
In Proc. ASPOCP, 2009.

2. S. Cotton and O. Maler. Fast and flexible difference constraint propagation for DPLL(T). In
Proc. SAT’06, pages 12-15, pages 170–183, 2006.

3. M. Denecker, J. Vennekens, S. Bond, M. Gebser, and M. Truszczynski. The second answer
set programming competition. InProc. LPNMR’09, pages 637–654, 2009.

4. M. Gebser, B. Kaufmann, A. Neumann, and T. Schaub. Conflict-driven answer set enumer-
ation. InProc. LPNMR’07, pages 386–392, 2007.

5. M. Gebser, M. Ostrowski, and T. Schaub. Constraint answer set solving. In Proc. ICLP’09,
pages 235–249, 2009.

6. M. Gelfond and V. Lifschitz. The stable model semantics for logic programming. InProc.
ICLP’88, pages 1070–1080, 1988.

7. J. Huang. Universal Booleanization of constraint models. InProc. CP’08, pages 144–158,
2008.
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